The quenching of alternans exhibited as solutions of a cardiac conduction model is considered. The model consists of a nonlinear discrete-time piecewise smooth system, and was previously used to show a link between cardiac alternans and period doubling bifurcation. In this work, it is first shown that the model indeed admits a period doubling border collision bifurcation, and that it is this bifurcation that leads to the alternan solutions. No smooth period doubling bifurcation occurs in the parameter region of interest. Next, recent results of the authors on feedback control of border collision bifurcation are applied to the model, resulting in quenching of the period doubling border collision bifurcation and hence in alternan suppression.
Introduction
In this paper, we revisit the cardiac conduction model proposed by Sun, Amellal, Glass and Billette [12] with two aims in mind. These aims relate first to a detailed analysis of the model, and second to control design as will be elaborated below. The model is formulated as a two dimensional piecewise smooth map. The model incorporates physiological concepts of recovery, facilitation and fatigue. It predicts a variety of experimentally observed complex rhythms of nodal conduction [12]. In particular, alternans, in which there is an alternation in conduction time from beat to beat, are associated with period-doubling bifurcation in the theoretical model [12] .
As mentioned above, our first aim in this paper is to perform a more detailed study of the instability or bifurcation mechanism that leads to alternan solutions. Second, we are interested in designing control laws for suppressing the alternans in the model. The paper demonstrates that the instability mechanism giving rise to cardiac alternans is in fact not a smooth period doubling bifurcation as earlier hypothesized, but rathet its nonsmooth cousin, the period doubling border collision bifurcation. This motivates us to apply our A border collision bifurcation (BCB) is a bifurcation that can occur when a fixed point of a piecewise smooth system crosses the border between two regions of smooth operation [la, 31. Border collision bifurcations include bifurcations that are reminiscent of $e classical bifurcations in smooth systems such as fold and period doubling bifurcations. Despite this resemblance, the classification of border collision bifurcations is far from complete, and certainly very preliminary in comparison to the results available in the smooth case. In smooth maps, a bifurcation occurs when a real eigenvalue or a complex conjugate pair of eigenvalues crosses the unit circle. In piecewise smooth (PWS) maps, on the other hand, a border collision bifurcation can occur when the fixed point crosses the border between two regions of smooth behavior. This results in a discontinuous change in the eigenvalues of the Jacobian matrix evaluated at the fixed point when the fixed point hits the border. As a result, border collision bifurcations are classified based on the linearizations of the system on both sides of the border at criticality.
Several researchers studied the model of [I21 and developed control techniques to eliminate the period-2 rhythm and stabilize the underlying period-I rhythm (e.g., [8,4,6]). With the exception of [6] , all the studies of this model reported in the literature viewed the border collision period doubling bifurcation in this system as if it were an ordinary period doubling bifurcation in a smooth dynamical system. Although in [6] the bifurcation in the cardiac model was recognized as a border collision, the control design proposed there was based on bifurcation control results for smooth systems. They used a linear feedback with control gain determined by trial and error. In [4] , the authors propose the use of delayed linear feedback to suppress the period doubling bifurcation. In [8], the authors apply a technique for control of chaos to suppress the alternation resulting from the period doubling bifurcation. In this paper, we use some recent results on feedback control of border collision bifurcations proposed by the authors [I Border collision bifurcations are classified based on the eigenvalues or, equivalently, by the trace and the determinant of the Jacobian matrices on both sides of the border [14, 2] . Next, we give two needed propositions on border collision bifurcations in 2-D PWS maps. The first result, mentioned but not carefully proved in the literature, has recently been proved by the authors in joint work with H. Nusse [13] . This result asserts local uniqueness and stability of fixed points when on both sides of the border the eigenvalues are real and lie in (-1, I). The second (Prop.
2) is a simple result stated here for the first time. Note that for PWS maps of dimension two or higher, having the eigenvalues of the Jacobians on both sides of the border within the unit circle does not imply that the fixed points are the only attractors asp is increased (decreased) through its critical value. For example, if the eigenvalues of one of the Jacobians or both Jacobians are within the unit circle but nonreal, then higher period periodic attractors may exist on one side or both sides of the border in addition to the stable fixed points [Z, 111. and it crosses the border and becomes unstable a s p is increased through zero. If
then a supercritical period doubling border coNision bifurcation occurs a s p is increased through zero. That is, a stablefixedpoint ro the lefr of the border for p < 0 crosses the border and becomes unstable and a period two attractor is born asp is increased through zero.
Proof:
Observe that the stability of the bifurcated period-2 orbit is determined by the eigenvalues of the Jacobian matrix of the second iterate map with one point in RL and the other point in RR. i.e., by Ju = J L J R . The result follows by a straightforward application of the Jury Test for second order systems.
More details on BCBs in two dimensional PWS maps can be found in [14, 21. 
Control of BCBs in 2-D maps
The normal form for BCBs contains only linear terms in the state [IJ, 21. This leads us to seek linear feedback controllers to modify the system's bifurcation characteristics. The linear feedback can either be applied on only one side of the border or on both sides of the border. Both possibilities are considered below. The issue of which type of actuation to use and with what constraints is a delicate one.
There are practical advantages to applying a feedback on only one side of the border. However, this requires accurate knowledge of where the border lies, which is not necessarily available in practice. The purpose of pursuing stabilizing feedback acting on both sides of the border is to ensure robustness with respect to modeling uncertainty. This is done below by the use of simultaneous stabilization as an option -that is, controls are sought that function in exactly the same way on both sides of the border, while stabilizing the system's behavior. Not surprisingly, the conditions for existence of simultaneously stabilizing controls are more restrictive than for the existence of one sided controls.
Linear feedback applied on the unstable side of the border
Suppose that the system is operating at a stable fixed point on one side of the border, locally as the parameter approaches its critical value. Without loss of generality, assume this region of stable operation is RL-that is, assume (6) (ha4 -azbz -b l h > (bz -~b z +a23bt )YZ -(1 -TR + 6~) (7) are stabilizing.
Simultaneous stabilization
In this method, the same linear state feedback control is applied additively on both the left and right sides of the border. This leads to the closed-loop system (9) The following proposition gives sufficient conditions for the existence of a stabilizing control policy as in (8)- (9) above. The conditions are given in terms of linear inequalities. The existence of a solution can be easily checked numerically.
Proposition 4 [I 11 Suppose that the f i e d point in RL for
p < 0 is stable-rhat is, assume 18~1 < 1 and -( 1 + 6, ) < (-1, I ). The following set of linear inequalities gives a sufficient condition for the eigenvalues of the closed loop system to be real
< (1 + 8~) .

Suppose also that a border collision bifurcation accurs a s p is increased through zem. A simultaneous control that renders the BCB to befrom a locally unique stable fv(ed point to a locally unique stable fixed point exists i f there is a ("/I, "/z) such that the eigenvalues of the closed loop Jacobians on both sides of the border are real in
Any ("/I ,"f2) satisfying these inequalities are stabilizing.
Next, the results on border collision bifurcation and its control are applied to a cardiac conduction model that undergoes a period doubling border collision bifurcation.
The Cardiac Conduction Model
In this section, we consider a cardiac conduction model with Ro = yt'Xp(-ffO/zJ,f). Here Ho is the initial H interval and the parameters A,,,, Z J~, y and z , , are positive constants. The variable H, represents the interval between hundle of His activation and the subsequent activation (the AV nodal recovery time) and is usually taken as the bifurcation parameter. The variable R, represents a drift in the nodal conduction time, and is sometimes taken to be constant. In this section, we consider R, as a variable as in [12] . Note that the map f is piecewise smooth and is continuous at the borderAb := 130ms.
Analysis of the border collision bifurcation
Numerical simulations show that the map (18) undergoes a supercritical period doubling bifurcation as the bifurcation parameter S := Hn is decreased through a critical value (see Fig. 1 ). We show that this bifurcation is a supercritical period doubling BCB which occurs as the fixed point of the map hits the border Ah = 130.
Let the fixed points of the map (IS) be given by ( A T ( S ) , R I ( S ) ) for A, < Ab and (A;(S),R;(S)) for A, > Ah. Under normal conditions, the fixed point (A'(S),RY(S)) is stable and it loses stability as S is decreased through a critical value S = Sb where A? = Ah. Then, at criticality, the value of R: is denoted by Rb.
Next, we calculate the limiting Jacobians on both sides of the border: and respectively. Also, the derivative o f f with respect to S at on the unstable side is considered followed by simultaneous control. that satisfy (4)- (7), and Fig. 3 (h) shows the bifurcation diagram of the controlled system with (yl,y2) = (-l,O). Note that by setting y2 = 0, only A, is used in the feedback. In practice, the conduction time ofthe nth beat A,, can be measured. 
Static feedback applied on unstable side:
Simultaneous feedback control:
